
V A R I A T I O N A L  S O L U T I O N  O F  A H E A T - C O N D U C T I O N  

P R O B L E M  F O R  A R E G I O N  W I T H  M O V I N G  B O U N D A R I E S  

D. M. Y a n b u l a t o v  a n d  N.  M. T s i r e t ' m a n  UDC 536.21 

The Ainola var ia t ional  pr inciple  is applied to a heat-conduction problem with moving bound- 
a r ies .  

Since the exact  solution of a nonstat ionary heat-conduction problem for  a region with moving bound- 
a r i e s  is difficult, cumbersome,  and inconvenient for  prac t ica l  calculat ions [1], we seek an approximate 
solution by using the var ia t ional  formulat ion of L. Ya. Ainola [2] for  the following boundary value problem: 

] O [xm_lk(x) OT(x, 27) I OT(x, 27) 
x "-1 Ox Ox = c9 (x) O ~  q~ (x, 27), 

with the initial condition 

and the boundary conditions 

r e = l ,  2, 3, s l ( r ) < x < s 2 ( 2 7 ) ,  ~ > 0  
(i) 

T(x ,  O) = ~(x),  sl(0) -~x~s2(0)  (2) 

T (x, T)l~=s,(~) --  T (s 1 (~), 27) = Tie (% 27 > O, 

T (x, T)[~=s~(~) = T (s~ (r), T) = Tzc (27), 27 > 0, 

where cp(x), Tic (T), and T2e (~-) a re  continuous functions satisfying the matching conditions 

r ~  (0) = ~ (s~ (0)3, 

T ~  C0) = + (~2 (0)), 

and s l(T) and s2(~ ) a re  continuous differentiable functions. 

By introducing a new unknown function u(x, T) such that 

T(x ,  z) =u(x ,  "r)-:- q~(x)-+- [T~c (z)--q)(s t (T))] s2(27)--x [T2c(T)---q,(S.,(27)) ] 
S 2 (27) - -  S 1 (27) 

we reduce problem (1)-(4) to a problem with zero initial and boundary conditions: 

[ Ou(x, ~) ] Ou(x, 27) 
] 0 x"~-~x (x) - -cp  (x) f (x, 27) = o, 

X m-~ OX , OX O'v 

where 

m =  1, 2, 3, s~(T).~x<s2( % 

u (x, 0) = o, s~(0) < x . < s ~ ( O ) ,  

u (x,  27) - -  u ( s~  (+), 27) = O, 27 > O, 

u (x,  27) = u ( s~  (T), ~) = 0, 27>0, 

(3) 

(4) 

(5) 

X--$1(27 ) 

s~ (27) - -  s~ (27) 

(6) 

(I') 

(2') 

(3') 

(4,) 

f (x, 27) - cO (x) { _ ,  s2 (27) - sl (+) [TiC (27) (sl (27)) s[ (27)] is2 (27) - x ]  

+ [7~r (27) - ~' (s2 (+)) ~ (27)] [~ - s~ (27)] + [r~o (~) - T20 (+) 

Sergo Ordzhonikidze Ufa Aviation Institute. Trans la ted  f rom Inzhenerno-Fiz icheski i  Zhurnal, Vol. 
26, No. 4, pp. 714-719, April,  1974. Original a r t ic le  submitted May 18, 1973. 

�9 1 9 75 Plenum Publishing Corporation, 22 7 West 1 7th Street, New York, N. Y. 1 001 1. No part of  this publicatT"on may be reproduced, 
stored in a retrieval system, or transmitted, in any fi~rm or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission o f  the publisher. A col)), o f  this article is available from the publisher for $15.00. 

495 



se(t) 

a~(o) 

o 

s,(o) 

s,(z) 

x 

I 

t-~- I 

"-L•(et-T ) 
t l t +s  I 

I 
I 1 I 
I ! 

______x,.__,_1_1_ 7 4 , ( 2 t - ~ )  - , , , , ,@/ " 

F i g - _ L  Domain  with moving  bound-  
a r i e s  in the x - T  phase  p lane .  

Then the fol lowing s t a t e m e n t  is  t r u e  in domain  I~: 
< x < s2(~), 0 < ~ < 2t, the funct ional  

g (u) = I 0 xm-a:~ (x) : co (x) 
x m-~ ax i 

ff 
h a s  a s t a t i o n a r y  va lue ;  i . e . ,  6J(u) = 0. 

T h i s  is  e a s y  to p r o v e  by  s t a r t i n g  with the  equal i ty  

';. i s~ (t) - -  s~ (t) 
1 / T2r (I) - -  TI~ (~) + qD (& (i:)) - -  (9 (s 2 (z)) 

xm- 1 1.[~ (X) X m-1 ~ '  ( X ) y  ' ; S.. (T) - -  81 (T) 

I 

• [;L (x) x ~-11'/-7 q, (x, t). 

W.e ex tend  the domain  D of the phase  p lane  bounded by the 
c h a r a c t e r i s t i c s  '7" = 0 and r = t and the c u r v e s  x = s l ( r  ) and x = s2(r  ) 
to domain  I~ bounded by the c h a r a c t e r i s t i c s  T = 0 and T = 2t and 
the c u r v e s  x = sl(~) and x = s2(T) (Fig. 1) such  tha t  

- " /s~(-O, o ~ < ~ < t ,  
s~ (T) [ s 1 (2t - -  "0, t < t ~ 2t, (7) 

~(~)  = ls.~('O, o . ~ 4 t ,  
( s~ (2 t - -  z), t < t ,.< 2l. (S) 

if u(x, ~) iS a solut ion of p r o b l e m  (1T)-(4 ' )  f o r  sl(~,) 

Ou (x, t) 2[ (x, "0 } x '- lu (x, 2t t) dx dx 
Ot (9) 

f~  F (x, T) G (x. 2t --  ~) dx dt = S S F (x, 2t - -  T) G (x, T) dx dT, 
D 5- 

which is  va l id  f o r  an_y func t ions  F and G which a r e  cont inuous  in I~, f o r  any condi t ion (2'), and condi t ions  
(3 T) and (4 v) f o r  x = s i ( r ) ,  i = 1, 2. We note  that  si(~) m a y  not be  d i f f e r en t i ab l e  at  T = t. Then in the  i n t e r -  
va l  t - - e  < ~ < t + e, whe re  e > 0 is  a suf f ic ien t ly  s m a l l  n u m b e r ,  s i(~) can  be  smoo thed  so tha t  i t  will  be d i f -  
f e r e n t i a b l e  f o r  al l  0 < ~ < 2t, a s  shown by the dashed  l ine  in Fig .  1. M o r e o v e r ,  we a r e  i n t e r e s t e d  in v a l u e s  
of u(x, ~) only  in domain  D, i . e . ,  f o r  0 < ~ < t, and v a l u e s  of  t > 0 have  no p r a c t i c a l  s ign i f icance .  

As  an e x a m p l e  we c o n s i d e r  the u s e  of the funct ional  (9) to obta in  an a p p r o x i m a t e  ana ly t i ca l  solut ion 
of the s y m m e t r i c a l  p r o b l e m  of the  t e m p e r a t u r e  d i s t r ibu t ion  in h o m o g e n e o u s  o n e - d i m e n s i o n a l  bod ie s  (plate,  
cy l i nde r ,  sphe re )  without hea t  s o u r c e s  f o r  a cons t an t  ini t ia l  t e m p e r a t u r e  and f o r  a cons t an t  t e m p e r a t u r e  
on a mov ing  boundary .  In th i s  c a s e  the bounda ry  va lue  p r o b l e m  (1)-(4) h a s  the  f o r m  

(I") 

(2") 

(3,,) 

(4") 

(1  " ) 

1 0 [xm_l OT.(x, ~_) ] 1 0 T ( x , ' O  
~ - *  O--x Ox a O r  

m = l ,  2, 3, 0 < x < s ( t ) ,  t > 0 ,  

T(0,  x ) = T o ,  0 . .<x. .<s(0) ,  
T(s(t) ,  x ) = T  o, t > 0 ,  

aT(O. x) = 0 ,  - c > 0  
Ox 

To sa t i s fy  the  ma tch ing  condi t ion (5) we se t  

T o - T r  ( t - - % ) 2 + T e  ' 
" q?0 

T (s (~), z) = Tr (t) == . ,  

T e, %..<1:. 

F u r t h e r ,  in a c c o r d  with (6)i we in t roduce  a funct ion u(x, ~) such tha t  

T(x, t ) = u ( x ,  ~ ) + T o ( t  ). 

AS a r e s u l t  the bounda ry  va lue  p r o b l e m  (1")-  (4") b e c o m e  s. 

1 0 [x,~_ 10_~x] 10u T : ( t )  
"x m - 1 0 x  = a 0-~ + a 

m = l ,  2, 3, 0 < x < s ( t ) ,  t > 0 ,  

O ~ t < t o ,  
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u(x, o) = o, o . < x < s ( O ) ,  (2,,,) 

u(s('O, x)=O,  "~>0,  (3~) 

Ou(O, "0 =0 ,  ~ > 0 ,  (4") 
Ox 

and the funct ional  (9) can  be wr i t t en  as  

2t s~) 
; f {  1 O Ix._ ~ Ou(x, "0 ] l Ou(x, T) Te(+}xrn-J-u( x, 2t--'Odxd'q (9') 

i (u) = . .~-~ Ox Ox a O'r a 
0 0 

where ,  as  indicated  above 

s(~) = I s(r)' o - . < , < t ,  
(s (2t - -  T), t . < ,  . ./2t. (7') 

Fo l lowing  Kan to rov ich  [3] we se t  

[ x2] . ( x , ' O =  1 ~(r) r 

where  r iS an unknown funct ion sa t i s fy ing  the condi t ion r = 0. In tegra t ing  (9') with r e s p e c t  to x g ives  
2t 

J = - -  a ( rn+2) ( , n -4 )m . ,  , L 2  ~(T) (m+4)s(~)j  ~(~) 
0 

, m - -  4 T~ (z)} ~ (~) ~ (2t - -  z) dz. 
§ ~' (~) ~ 2 

Taking  account  of the fac t  tha t  s(T) = s(2t--T) Eulervs  equat ion fo r  this  funct ional  will be 

q;' (T) m (m + 4) a q" (~) = m § 4 T~ (T). 
2~ (~) �9 4 

F o r  the r of  i n t e r e s t  to us ,  when 0 < T < t ,  we find by us ing  (7') tha t  the condi t ion fo r  J to be s t a -  
t i o n a r y  is given by the equat ion 

whose  solut ion is 

~,(~) , m ( m + 4 )  a m §  T'c(~), (10) 
�9 2s ~ (~) r (~) - 

~ p ( z ) =  - ( m - 4 ) ( T o - T c ) 2 T  2 exp [ m(rn+4)a is2~z) ] 2  . 
0 jj [ z 

'(Z__To) eX p m(rnk4)a ~ dy ]dz, 0<'~'~ o, 
2 J s~ (y) J 

X o 

I ff (z--T~ [ m(m+4)a ff d~]  ":~ 

0 0 

(11) 

By going to the l imi t  ~0 - -  0 in (11) we obtain the f i r s t  approx ima t ion  to the solut ion of p r o b l e m  (I')- 
(4'") in the form 

0 T(x, "0--To __ m-~- 4 i exp - -  . o (19.) 
T o -- T c 4 s 2 (T) 2 

0 

In the spec ia l  c a s e  of a boundary  moving  u n i f o r m l y  f r o m  s(0) =/0,  i . e . ,  fo r  s(~-) = vT + l 0' we have 

x 2 " m (m - 4) m: 1 0 m + 4 1 =  ] exp [ 
4 �9 (we + Io) s j L 

To obtain the second  app rox ima t ion  we se t  

~1 (T) -[- 1 - -  x2 ~2 (r). u ( x , T ) =  I ~(T) s ~(~) ~ , 

(12') 

497 



where  Ct(T) and r a r e  unknown funct ions  sa t i s fy ing  the condi t ion ~t(0) = r = 0. 

The condit ion fo r  the funct ional  g to be s t a t i ona ry  is given by the fol lowing s y s t e m  of E u l e r  equat ions:  

~ (~) ,_ m a  [(4 m) (m -k 6) ' 1  (T) (m ~ -- 6m -~- 32) ~2 (x)] = (rn - -  4) (m 6) T~ (~), 
12s 2 (~) 24 

~ ('0 -~ (m -k 6) (m -~- 8) a , = (m + 6) (m ,~ 8) T~ (T). 
12s ~ (T) [m,t  ('0 ~ (m -- 4) ~2 ('0] 24 

The solut ion of this  s y s t e m  of f i r s t  o r d e r  equat ions  with va r i ab l e  coe f f i c i en t s  is [4] 

where  

% ( ~  = 
132zl ('0 - -  131z2 ('0 + m (4 m) (m -+- 6) [ze ('0 zx ('01 

m ( m § 2 4 7  131) 

% (~) z~ (~) - -  z~ (~) , 

z Y g 

(m+6)(m24 + 8)13, exp , ,-t--a--~ J~ s~(Y)'dg l~T'c(g) , 12 .] s2(~),d~ I dg, Zi(T)  

~i = 4 [2 (m -k 2) (m -1- 6) -}- ( 1) ~ V(m +2)(rn~6)(m2+8m§ 48), 

i----l, 2. 

In the l imi t  T 0 ~ 0 

(m -1- 6) (m - 8) 

24 
o 

Thus  the second  approx ima t ion  to the solut ion of p r o b l e m  (1 ~ ) -  (4 m) has  the f o r m  
X 2 

1 
O =  T (x ,  ~) -- r c _ s 2 (~:) 

To Tc 192m ; (m + 2) (m + 6) (m 2 8m + 48) 

• m(4--m) m(m-k6)(m+8)x21131exp( ~2 i s~(y)) (13) 
o 

--1131 m (4 - -  m) (m + 6) m(m+6)(m+8)x21132exp - -  J s 2 @ / !  
0 

In conc lus ion  we note that  the method d e s c r i b e d  h e r e  f o r  solving a hea t - conduc t ion  p r o b l e m  f o r  a r e -  
gion with moving boundar i e s  can be used  fo r  o ther  boundary  condi t ions  also.  

T(x, ~-) 
0 = ( T ( x ,  

To 
Wc 
l o = s(O) 
x = s (~)  
X 

-rand t 
a = X/cp 

cp 

qv(X,  r 

~)--Tc)/(To--Tc) 

NOTATION 

~s the runn ing  t e m p e r a t u r e ;  
ts the d i m e n s i o n l e s s  r e l a t ive  t e m p e r a t u r e ;  
Ls the init ial  t e m p e r a t u r e ;  
is the t e m p e r a t u r e  of the medium;  
Ls the init ial  pos i t ion  of the moving  boundary;  
Is the running pos i t ion  of the moving  boundary;  
is  the coord ina te  of a point  of the body; 
a r e  va lues  of the t ime;  
is the t h e r m a l  diffusivity;  
is  the t h e r m a l  conduct ivi ty;  
is the v o l u m e t r i c  hea t  capac i ty  of  the body; 
is  the v o l u m e t r i c  h e a t - r e l e a s e  ra te .  
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